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Extracting Dynamical Degrees of Freedom From the Quasilocal Energy Term in the
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Department of Physics, College of Studies for Foreign Diploma
Recipients at the University of Hamburg, 20355 Hamburg, Germany∗
It is shown that under proper conditions in an appropriate coordinate system with a suitable
time slicing the Einstein-Hilbert action including all necessary boundary terms can be written in
terms of the Brown-York quasilocal energy in the absence of matter. If matter is present the non-
vanishing bulk term only consists of terms involving the stress-energy tensor. It is argued that the
dynamical content of general relativity is stored in the quasilocal energy term. As an example we
compute the relevant terms for a modified Vaidya metric which may be used in the investigation of
black hole radiance. The bulk term vanishes in the Eddington-Finkelstein kind of coordinate system
we use as our preferred gauge with the exception of possible contributions from the stress-energy
tensor. Whereas the boundary terms alone are sufficient to cancel second derivatives in the action
the presented gauge gives a surface integral of first derivative terms which may be desirable for a
quantization of the action, but it is possibly absorbed by the stress-energy contribution to the bulk
term.
I. INTRODUCTION
Quantizing gravity is one of the outstanding chal-
lenges in theoretical physics. Traditional perturbative
approaches lead to non-renormalizable theories which
need an infinite number of counter-terms to cancel the
emerging divergences. In contrast the divergences arising
in quantum field theory can be avoided by integrating the
Lagrangian density only up to a certain cut-off which can
be absorbed by introducing the renormalized mass and
charge. This, however, does not work in quantum grav-
ity, and to make matters worse due to the equivalence
principle inertial mass and gravitational mass, which is
acting as the charge of gravity, are identical.
On a more conceptual and less technical level the prob-
lems can be traced back to the metric tensor which acts
both as the dynamical field of gravity and the background
spacetime. The latter also allows for an infinite amount
of diffeomorphisms which corresponds to the ordinary
gauge freedom in quantum field theory. While this is
a known problem which can be dealt with and which is
also present in quantum field theory the role of time dif-
fers fundamentally in the two theories. Whereas time is
just a parameter in field theory labeling a sequence of
events in general relativity there is no real distinction
between time and space. The usual quantization pre-
scriptions therefore seem to rely at least on a 3+1 split
of spacetime which requires a rather arbitrary choice of
the direction of time.
While it is not the purpose of the present work to give
a working theory of quantum gravity it is attempted to
rewrite the classical action principle in a form which mit-
igates some of the problems mentioned above hiding the
dynamics of the theory in the boundary term as much as
possible.
∗ bss28@cornell.edu
The paper is organized as follows. In section II the
action principle generating the Einstein field equations
is reviewed. The boundary term which is added to the
Einstein-Hilbert action [1] is of utmost importance. It
gives rise to a natural definition of energy in general
relativity known as the Brown-York quasilocal energy
(”QLE”) [2]. In fact, it is shown that in timeslicings
satisfying one of several possible conditions the bound-
ary term which is being re-expressed in terms of the QLE
is the only contribution to the action apart from a matter
contribution to the bulk term. In section III we calculate
one of those conditions explicitly for a modified Vaidya
metric. Other more general conditions are explored in
section IV with the general gauge condition derived in
section V. In section VI the problem is reformulated in
the Hamiltonian framework. We conclude our results in
section VII.
II. ACTION PRINCIPLE AND YORK
BOUNDARY TERM
Consider the Einstein-Hilbert action together with the
York boundary term [1] integrated over the boundary
∂M of the spacetime M and a reference term S0 where
the integration over ∂M has been split into an integral
over the time evolution 3B of a spacelike two-boundaryB
with unit vector nµ and an integration over the timeslices
Σ at t = ti and t = tf , respectively. The action is to
be evaluated at a classical solution of the Einstein field
equations. Including the boundary term is necessary in
order to derive the equations of motion from the action
for finite M canceling second order derivative terms.
S =
1
2κ
∫
M
d4x
√−gR+ 1
κ
∫ tf
ti
d3x
√
hK
− 1
κ
∫
3B
d3x
√−γΘ− S0[γij ] + Sm (1)
2A summary of the used notation can be found in table I.
Using the relation Θ = k − nµaµ and
R+KµνK
µν − (K)2 = R+ 2∇µ (Kuµ + aµ) (2)
we recast the action as [2]
S =
1
2κ
∫
M
d4xN
√
h
[
R +KµνK
µν − (K)2]
− 1
κ
∫
3B
d3xN
√
σk1 − S0[γµν ] + Sm (3)
where aβ ≡ uρ∇ρuβ and the index or superscript ”1” de-
notes unreferenced quantities and the label ”0” reference
terms, respectively. The surface gravity is κ = 8π and√−g = N√h with lapse N . We identify the last integral
as a one-dimensional integral of the QLE. A derivation
of these and other useful relations exploiting the Gauss-
Codazzi equations can be found in the appendix of [2].
We recast the bulk term exploiting relation eqn. 2 one
more time. Also, note that
uµuνRµν = (K)2 −KµνKµν +∇µ (Kuµ + aµ) (4)
Combing these equations would give us the first of the
initial value constraints [3]
R−KµνKµν + (K)2 = 2κuµuνTµν (5)
DbK
b
a −DaKbb = κuchbaTbc (6)
and they allow us to write eqn. 2 alternatively as
R+KµνK
µν − (K)2 =
R+ 2uµuνRµν + 2KµνKµν − 2(K)2 =
2κuµuνTµν + 2KµνK
µν − 2(K)2 (7)
employing the Einstein field equations Rµν − 12Rgµν =
κTµν and their trace R = −κT .
Throughout this text we are interested in situations
where the right hand side of eqn. 7 only depends on
terms involving the stress-energy tensor or vanishes com-
pletely. In particular we do not want the bulk term to
depend on intrinsic or extrinsic curvatures passing on
the dynamics of the gravitational field to the boundary
term. According to eqn. 7 one such possibility achiev-
ing this goal which will be used in this section is to make
KµνK
µν−(K)2 vanish such that the Einstein-Hilbert ac-
tion only depends on the quasilocal energy [2] and terms
involving the stress-energy tensor.
Obviously, this is the case if the extrinsic curvature of
the hypersurfaces Σ embedded inM vanishes, i.e. Kµν =
0, even though the original condition
KµνK
µν − (K)2 = −uµuνRµν +∇µ (Kuµ + aµ) = 0
(8)
is weaker. Whether the condition is met or not is
therefore determined by the selection of the time-slicing
into hypersurfaces Σ described by the unit vector uµ.
Whereas the condition Kµν = 0 represents an equation
for each component of uµ the weaker condition above
contains only one (scalar) equation, so there should be
sufficient freedom to choose a time-slicing as uµ has to
satisfy further conditions, e.g. in the present framework
uµ must be orthogonal to the unit vector nµ of the chosen
boundary B, i.e. uµnµ = 0.
The more or less forced choice of uµ may yet again raise
questions pertaining to the interpretation of the Brown-
York QLE. Although we consider those issues settled note
that we have used the QLE only to rewrite the action
principle with its necessary boundary terms in a mathe-
matically equivalent way, so issues on the exact physical
interpretation of the QLE are not too pressing for the
present purpose. Also, the question whether or not there
is a unique reference term S0 shifting the zero-point of the
QLE is irrelevant at the classical level since any choice of
S0 which only depends on the induced metric γµν of the
boundary B leads to the same equations of motion. How-
ever, once the action is to be quantized, e.g. by means of
a Feynman path integral prescription, this picture may
change. The only reasoning in this text dependent on the
interpretation of the QLE is that the latter contains both
field energy as well as ordinary stress-energy. Therefore,
we associate the QLE with the real physical content of
the theory as opposed to gauge degrees of freedom since
field energy may be converted into matter-energy and
vice versa.
In the absence of matter the only contribution to the
action is a surface integral of a first derivative term. If
matter is present the quasilocal energy term expressed as
a surface integral cancels second derivative terms in the
stress-energy induced bulk term.
III. COMPUTATION OF THE QLE FOR THE
MODIFIED VAIDYA METRIC
We compute the Brown-York QLE of a modified
Vaidya metric which has been used in the study of black
hole radiance and which is given by
ds2 =− F (ν, r, θ)dν2 + 2dνdr
+ ψ2(r)
(
dθ2 + sin2 θdφ2
)
(9)
The fields F and ψ will be related by F = 1 − 2m/ψ(r)
later on so the problem will depend on one function to
be varied only. Depending on circumstances this may or
may not results in sufficient degrees of freedom. With
the unit vectors
uµ =
1√
F (ν, r, θ)
δµν (10)
and
nµ = uµ +
√
F (ν, r, θ)δµr (11)
3Manifold (Induced) Covariant Unit normal Intrinsic Extrinsic
metric derivative vector curvature curvature
M gµν ∇µ Rµνρσ
Σ hij Di uµ Rijkl Kij
hµν = gµν + uµuν Dµt
ν = hαµh
ν
β∇αt
β Kµν = −h
λ
µ∇λuν
3B γµν Di nµ Θµν
γµν = gµν − nµnν Dµt
ν = γαµγ
ν
β∇αt
β Θµν = −γ
λ
µ∇λnν
B σµν nµ kµν
σµν = gµν − nµnν + uµuν kµν = −σ
λ
µDλnν
TABLE I. Summary of notation. Note the change of notation
for the intrinsic curvatures deviating from past works.
which satisfy the conditions uµu
µ = −1, nµnµ = 1 and
uµn
µ = 0 we obtain for the QLE related surface integral
− 1
κ
∫
3B
d3xN
√
σk1 =
2
κ
∫
3B
d3xF (ν, r, θ) sin θψ(r) · d
dr
ψ(r)
(12)
which reduces further to∫
dνF (ν, r)ψ(r) · d
dr
ψ(r) (13)
for F (ν, r, θ) = F (ν, r). With this restriction the vorticity
ωµν = h
α
µ∇αuν − hαν∇αuµ (14)
whose only non-zero components are ωrθ = F
−3/2F,θ =
−ωθr vanishes as required in the classical framework of
quasilocal energy with the gauge condition evaluating to
zero as well
KµνK
µν − (K)2 =
[
∂
∂θF (ν, r, θ)
]2
2F 2(ν, r, θ)ψ2(r)
(15)
Effectively, the extrinsic curvature Kµν has no off-
diagonal elements without a dependence on θ in the unit
vector. Furthermore, for the bulk term
1
2κ
∫
M
d4xN
√
h
[
R+KµνK
µν − (K)2]
= − 1
κ
∫
M
d4x sin θ
[
(ψ,r)
2 + 2ψψ,rr − 4mψ,rr − 1
]
(16)
Integrating the second and third term in brackets by
parts the emerging boundary terms are canceled by eqn.
12 and we are left with
S + S0 =
1
κ
∫
M
d4x sin θ
[
1 + (ψ,r)
2
]
(17)
in accordance with [4]. The extrinsic curvature terms
eqn. 15 vanish as desired, so the contribution to the bulk
term is due to the stress-energy tensor alone, cf. eqn. 7.
Combined with the boundary term eqn. 12 we obtain an
action which is quadratic in the first derivative of the field
function plus a term independent of the field which could
be absorbed into S0 but has no impact on the classical
equations of motion.
Note that lµ = nµ − uµ is a null vector because the
grr-component vanishes. The coordinate system leads to
an effective separation of the dynamical and the gravita-
tional degrees of freedom, and the presence of only one
term quadratic in the first derivative of the field allows for
a simple quantization of this metric [4, 5]. Intermediate
results can be found in the appendix.
IV. ALTERNATIVE CONSTRAINTS
As stated before we are not too selective about the final
expression for the bulk term R+KµνK
µν − (K)2 as long
as no curvature terms are present avoiding occurrences of
gµν as much as possible. Therefore, another simple choice
would be R+KµνK
µν− (K)2 = 0. For the residual term
we prefer contractions of the stress-energy tensor as those
may be independent of the metric gµν . In general we can
allow linear combinations
R+KµνK
µν − (K)2 = AκuµuνTµν +BκT (18)
where A and B are arbitrary real factors.
Yet another possibility can be found in considering
timeslices with (K)2 = 0. The initial value constraint
can be solved [6, 7] for traceless extrinsic curvature ten-
4sors. We obtain
R +KµνK
µν − (K)2 = −κT + 2∇µaµ (19)
For solutions with constant non-zero values ofK cf. [8].
However, this gives a residual bulk term of ∇µaµ which
introduces a dependence on gµν through the covariant
derivatives.
V. GENERAL GAUGE CONDITION
In this section we would like to enforce eqn. 18 which
can be rewritten as
KµνK
µν − (K)2 = −1
2
AκuµuνTµν +
1
2
BκT (20)
which includes the case KµνK
µν − (K)2 = 0 or equiva-
lently
∇µ (Kuµ + aµ) =
(
1− 1
2
A
)
κuµuνTµν +
1
2
(B + 1)κT
(21)
which includes the case ∇µ (Kuµ + aµ) = 0.
Whereas KµνK
µν contains only first derivatives of uµ
the term ∇µ (Kuµ + aµ) is second order. Yet, in this
section we proceed with the latter because it involves
only the trace K of the extrinsic curvature. Performing
a 3+1 split
ds2 = −N2dt2 + hij
(
dxi + βidt
) (
dxj + βjdt
)
(22)
and rewriting this part of the bulk terms gives
∇µ (Kuµ + aµ) = uµ∂µK − (K)2 +∇µDµ lnN (23)
where we used K = −∇µuµ. From the definition of the
extrinsic curvature we obtain for its trace
K = hµνKµν = − 1
2N
£m lnh (24)
with the Lie derivative along mµ = Nuµ. For a scalar
field φ the Lie derivative is simply £Xφ = X
a∂aφ. Split-
ting it into a time and a spatial part £m = £t−£β with
shift βi = g0i we finally obtain
K = − 1
2N
∂t (lnh) +
1
2N
βi∂i (lnh) (25)
The determinant of the induced metric can be expressed
in terms of the lapse as well by h = −N−2g. Thus,
setting eqn. 23 to zero gives one of our possible conditions
together with eqn. 25 expressed in terms of the lapse N .
We see that the gauge condition is immediately satisfied
in the geodesic gaugeN = 1, βi = 0 which implies aµ = 0
if the metric is stationary, i.e. does not depend on t. Of
course this could have been seen earlier because in the
geodesic gauge Kij = − 12 h˙ij .
In general, in order to satisfy eqn. 21 coupled with
the normalization uµu
µ = −1 we have to pick a gauge
consisting of lapse N and shift βi in conjunction with
eqn. 23 and eqn. 25.
VI. GAUGE CONDITION IN THE
HAMILTONIAN FRAMEWORK
From [2] we observe that
N
√
h
[
KµνK
µν − (K)2] =
2κ
[
P ij h˙ij − 2P ijDiβj − 2κNGijklP ijP kl
]
(26)
with the canonical momentum P ij and inverse super-
space metric
Gijkl =
1
2
√
h
(hikhjl + hilhjk − hijhkl) (27)
Rewriting eqn. 26 using the gravitational contribution
to the Hamiltonian and the momentum constraint
H = 2κGijklP ijP kl − (2κ)−1
√
hR (28)
Hi = −2DjP ji (29)
yields
N
√
h
[
R+KµνK
µν − (K)2] =
2κ
[
P ij h˙ij − 2P ijDiβj −NH
]
(30)
Assuming a generic form of S0 the Hamiltonian which in
classical mechanics is usually considered the total energy
of a system can be written as [2]
H =
∫
Σ
d3x
(
NH+ βiHi
)
+
∫
B
d2x
√
σ
(
Nǫ− βiji
)
(31)
where ǫ = (k/κ)|cl
0
is the quasilocal energy surface den-
sity and ja = −2(σaknlP kl/
√
h)
∣∣∣cl
0
the quasilocal mo-
mentum surface density with cl indicating evaluation at
a classical solution fo the Einstein field equations giving
rise to the interpretation of the QLE as the value of the
Hamiltonian generating unit proper-time translations on
3B orthogonal to B. H follows from the action in canon-
ical form
S =
∫
M
d4x
[
P ij h˙ij −NH− βiHi
]
−
∫
3B
d3x
√
σ
[
Nǫ− βiji
]
(32)
5H =
∫
Σ
d3x

−N
√
h
2κ
AκuµuνTµν+BκT︷ ︸︸ ︷(
R+KµνK
µν − (K)2)+P ij h˙ij − 2P ijDiβj︸ ︷︷ ︸
NH
+βiHi

+
∫
B
d2x
√
σ
(
Nǫ− βiji
)
(33)
Thus, as in the previous section the system is character-
ized by the QLE alone in the geodesic gauge N = 1 and
βi = 0 if h˙ij = 0. In general h˙ij will not vanish, though,
giving the kinetic term of the Hamiltonian instead con-
sidering
P ij =
δScl
δhij
= (2κ)−1
√
h
(
Khij −Kij) (34)
As before Kij can be expressed in terms of h˙ij in the
geodesic gauge.
VII. CONCLUSIONS
Standard manipulations in differential geometry al-
lowed us to rewrite the bulk term such that it consists of
contractions of the stress-energy tensor only if the con-
dition KµνK
µν − (K)2 = KijP ij = 0 or some of the pre-
sented alternatives is satisfied. In spite of being short of
a formal proof that a solution in the form of a suitable uµ
always exists there are interesting cases where this condi-
tion is met. Representing only a scalar equation it seems
likely that this is possible at least in exchange for the con-
dition uµn
µ = 0 in the sense that nµ (which describes the
boundary 3B) cannot be freely chosen anymore. (In the
current treatment of the BY-QLE the condition would be
satisfied, of course, but not necessarily for our boundary
of choice.) The remaining bulk term should have a simple
dependence on the metric tensor gµν and in many cases
no dependence on gµν at all handing over the dynam-
ics of the problem to the quasilocal energy term which
only depends on the metric and its derivatives on the
boundary 3B. In a simple example we have have shown
that the QLE combined with the remaining stress-energy
contributions from the bulk term results in terms propor-
tional to the square of first derivatives of the field with
other contributions to the bulk term being absent which
is desirable for a quantization based on a path integral
approach.
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Appendix A: Intermediate Results
τ tt = − 2ψ,r
κψ
√
F
τθθ =
2F 2ψ,r + FF,rψ − ψF,ν
2κψ3F 3/2
τ tθ = τθt =
F,θ
2κψ2F 3/2
τφφ =
2F 2ψ,r + ψFF,r − ψF,ν
2κψ3F 3/2 sin2 θ
Krr =
1
2
F,θ
F 5/2
Kθr =
1
2
F,θ
F 3/2
= −Krθ
Gνν = −1
2
ψ−2
[
4ψF 2ψ,rr + 2F,rψ,rFψ
+2F 2 (ψ,r)
2
+ 2F,νψ,rψ − 2F − F,θθ − F,θ cot θ
]
Grr = −2ψ,rr
ψ
Gθθ =
ψ
2
[ψF,rr + 2Fψ,rr + 2F,rψ,r]
Gφφ =
ψ
2
sin2 θ [ψF,rr + 2Fψ,rr + 2F,rψ,r]
Grν = ψ
−2
[
2Fψψ,rr + F,rψψ,r + F (ψ,r)
2 − 1
]
Gθν = −1
2
F,rθ
2κuµuνTµν = − 1
Fψ2
[
4ψF 2ψ,rr + 2F,rψ,rFψ + 2F
2 (ψ,r)
2
+
2F,νψ,rψ − 2F − F,θθ − cot θF,θ]
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